On commutative subalgebras of the Weyl algebra that are related to commuting operators of arbitrary rank and genus
O. I. Mokhov
In this note we construct examples of commuting ordinary scalar differential operators with polynomial coefficients that are related to a spectral curve of an arbitrary genus g and to an arbitrary even rank r = 2k, and also to an arbitrary rank of the form r = 3k, of the vector bundle of common eigenfunctions of the commuting operators over the spectral curve. At present we know no explicit examples of commuting ordinary scalar differential operators that are related to a spectral curve of genus g > 1 for rank of the form r = 6s ± 1, s ≥ 1. For all other values of genus g and rank r, explicit examples of commuting operators even with polynomial coefficients are constructed. We conjecture that there exist commuting ordinary scalar differential operators with polynomial coefficients that are related to a spectral curve of an arbitrary genus g > 1 also for an arbitrary rank of the form r = 6s ± 1, s ≥ 1, but such examples are not known for now, -this is a very interesting problem. It is well known that commuting ordinary scalar differential operators with polynomial coefficients give commutative subalgebras of the Weyl algebra W 1 , i.e., the algebra with two generators p and q and the relation [p, q] = 1. By the Burchnall-Chaundy lemma [1] any pair of commuting ordinary scalar differential operators L and M is connected by a certain polynomial relation Q(L, M) = 0 given by the spectral curve Q(λ, µ) = 0 of the pair of commuting operators: Lψ = λψ, Mψ = µψ, and common eigenfunctions of the commuting operators define an r-dimensional vector bundle over the spectral curve (the dimension r of the vector bundle of common eigenfunctions of a pair of commuting operators over the spectral curve is called the rank of the commuting pair of operators; the rank of any pair of commuting operators is a common divisor of the orders of these commuting operators). The first examples of commuting ordinary scalar differential operators of the nontrivial ranks 2 and 3 and the nontrivial genus g = 1 were constructed by Dixmier [2] for the nonsingular elliptic spectral curve µ 2 = λ 3 − α, where α is an arbitrary nonzero constant:
where L and M is the commuting pair of the Dixmier operators of rank 2, genus 1,
where L and M is the commuting pair of the Dixmier operators of rank 3, genus 1,
These remarkable examples were found by Dixmier as commutative subalgebras of the Weyl algebra W 1 [2] . The general classification of commuting ordinary scalar differential operators of nontrivial ranks r > 1 was obtained by Krichever [3] . The general form of commuting ordinary scalar differential operators of rank 2 for an arbitrary elliptic spectral curve was found by Krichever and Novikov [4] . The description of commuting ordinary scalar differential operators with polynomial coefficients (commutative subalgebras of the Weyl algebra W 1 ) is a separate nontrivial problem, and this problem is not solved completely even for the Krichever-Novikov commuting operators of rank 2, genus 1, which are rationally parametrized by one arbitrary function (this problem was considered and studied in [5] , [6] ). We will also devote a separate paper to this very interesting question. The functional parameter corresponding to the Dixmier example of rank 2, genus 1 among all the Krichever-Novikov commuting operators of rank 2, genus 1 was found by Grinevich [7] . The general form of commuting ordinary scalar differential operators of rank 3 for an arbitrary elliptic spectral curve (the general commuting operators of rank 3, genus 1 are parametrized by two arbitrary functions) was found by Mokhov [8] , [9] , where were also found the functional parameters corresponding to the Dixmier example of rank 3, genus 1 among all the commuting operators of rank 3, genus 1. Moreover, examples of commuting ordinary scalar differential operators of genus 1 with polynomial coefficients were constructed for any rank r (some commutative subalgebras of the Weyl algebra W 1 ) (see also [10] ). We note that the coefficients of one from a pair of commuting operators are always expressed polynomially in terms of the coefficients of the second operator of the commuting pair and their derivatives. Recently Mironov [11] (see also earlier papers [12] - [14] ) constructed for any genus g > 1 remarkable examples of commuting ordinary scalar differential operators of ranks 2 and 3 with polynomial coefficients that generalize naturally the Dixmier examples of ranks 2 and 3, genus 1:
where a i are some constants, α is an arbitrary nonzero constant, L and M are the Mironov commuting operators of rank 2, genus g (the orders of the operators L and M are 4 and 4g + 2, respectively), the coefficients of the operator M are expressed polynomially in terms of the coefficients of the operator L and their derivatives, [L, M] = 0;
where a i are some constants, α is an arbitrary nonzero constant, L and M are the Mironov commuting operators of rank 3, genus g (the orders of the operators L and M are 6 and 6g + 3, respectively), the coefficients of the operator M are expressed polynomially in terms of the coefficients of the operator L and their derivatives, [L, M] = 0. Let us construct examples of commuting ordinary scalar differential operators with polynomial coefficients that are related to a spectral curve of an arbitrary genus g for an arbitrary even rank r = 2k, k > 1.
Theorem 1. The operators L and M of orders 4k and 4kg + 2k, respectively,
where a i are some constants, α is an arbitrary nonzero constant, are commuting operators of rank r = 2k, k > 1, genus g, [L, M] = 0, the coefficients of the operator M are expressed polynomially in terms of the coefficients of the operator L and their derivatives. For k > 2 the commuting operators L and M have the standard (canonical) form. Let us also construct examples of commuting ordinary scalar differential operators with polynomial coefficients that are related to a spectral curve of an arbitrary genus g for an arbitrary rank of the form r = 3k, k ≥ 1.
Theorem 2. The operators L and M of orders 6k and 6kg + 3k, respectively,
where a i are some constants, α is an arbitrary nonzero constant, are commuting operators of rank 3k, k ≥ 1, genus g, [L, M] = 0, the coefficients of the operator M are expressed polynomially in terms of the coefficients of the operator L and their derivatives. For k > 1 the commuting operators L and M have the standard (canonical) form.
